
Physical processes in 
baryonic gas 
Chapter 2 (part 2)



Some definitions

The amount of energy (𝑑𝐸) passing through a surface
should be proportional to the size of the surface (𝑑𝐴)
and to the duration of the exposition (𝑑𝑡).

It is usually defined as :
𝑑𝐸 = 𝑑𝐹×𝑑𝐴×𝑑𝑡

The energy flux 𝑑𝐹 is measured in erg s-1 cm-2

A source of radiation is isotropic if it emits energy 
equally in all directions

By conservation of Energy, 𝑑𝐸 𝑟! = 𝑑𝐸 𝑟" then :
𝐹 𝑟! 4𝜋𝑟!" = 𝐹 𝑟" 4𝜋𝑟""

r1

r2

𝐹 𝑟 =
𝐹 𝑟! 𝑟!"

𝑟"



𝑑𝐴

𝑑Ω

Some definitions
Considering a surface normal to the direction of a
given ray, and considering all the rays whose
direction is within a solid angle 𝑑Ω, then the energy
passing through the element 𝑑𝐴 is :

𝑑𝐸 = 𝐼# 𝑑𝐴 𝑑𝑡 𝑑𝜈 𝑑Ω
where 𝐼# is the specific intensity (or brightness)

If the surface is not perpendicular to the rays but has
different orientation, then

𝑑𝐸 = 𝐼# 𝑑𝐴 𝑑𝑡 𝑑𝜈 cos 𝜃 𝑑Ω
= 𝑑𝐹# 𝑑𝐴 𝑑𝑡 𝑑𝜈

N.B. : If the radiation is isotropic, then ∫ 𝑑𝐹# = 0



Some definitions
The specific energy density is the energy per unit
volume per unit frequency range :

𝑑𝐸 = 𝑢# Ω 𝑑𝑉 𝑑Ω 𝑑𝜈

If we consider this cylinder, then 𝑑𝑉 = 𝑑𝐴 𝑐 𝑑𝑇 then
𝑑𝐸 = 𝑢# Ω 𝑑𝐴 𝑐 𝑑𝑡 𝑑Ω 𝑑𝜈

but within 𝑑𝑡 all radiation will pass out of the
cylinder, then :

𝑑𝐸 = 𝐼#𝑑𝐴 𝑑Ω 𝑑𝑡 𝑑𝜈

The specific energy density is defined as :

𝑢# Ω =
𝐼#
𝑐

dA

𝑐 𝑑𝑡

The mean density is defined as :

𝐽# =
1
4𝜋

: 𝐼#𝑑Ω

Integrating the specific energy density over solid
angles :

𝑢# = :𝑢# Ω 𝑑Ω =
1
𝑐
: 𝐼#𝑑Ω

or 𝑢# =
$%
&
𝐽#

The total radiation density is given by

𝑢 = :𝑢#𝑑𝜈 =
4𝜋
𝑐
: 𝐽#𝑑𝜈



Radiative transfer
We use radiative transfer each time a
radiation is passing through a matter and add
(absorption) or subtract (emission) energy.

The spontaneous emission coefficient is defined as 
the energy emitted per unit time per unit solid 
angle per unit volume, such as : 

𝑑𝐸 = 𝑗 𝑑𝑉 𝑑Ω 𝑑𝑡

If the emission is monochromatic (e.g., an emission 
line), we can define a monochromatic emission 
coefficient : 

𝑑𝐸 = 𝑗!𝑑𝑉 𝑑Ω 𝑑𝑡 𝑑𝜈

If the emission is isotropic, then :

𝑗! =
1
4𝜋𝑃!

where 𝑃! is the radiated power 

I- EMISSION
We can also define the emissivity as the energy 
emitted per unit frequency per unit time per unit 
mass, and rewrite the transmitted energy in an 
isotropic emission as : 

𝑑𝐸 = 𝜖!𝜌 𝑑𝑉 𝑑𝑡 𝑑𝜈
𝑑Ω
4𝜋

For an isotropic emission, the relation between the 
emission coefficient and the emissivity is given by : 

𝑗! =
𝜖!𝜌
4 𝜋

Considering a beam of cross-section 𝑑𝐴 traveling 
through a volume 𝑑𝑉 = 𝑑𝑠 × 𝑑𝐴 , then the energy 
added by spontaneous emission is : 

𝑑𝐼! = 𝑗! 𝑑𝑠

(Remember that 𝑑𝐸 = 𝐼! 𝑑𝐴 𝑑𝑡 𝑑𝜈 𝑑Ω)



Radiative transfer
We use radiative transfer each time a
radiation is passing through a matter and add
(absorption) or subtract (emission) energy.

The absorption coefficient is defined as the loss of 
intensity in a beam as it travels a distance 𝑑𝑠 : 

𝑑𝐼! = −𝛼! 𝐼! 𝑑𝑠
The absorption depends on the density of absorbers 
along the travel of a beam. 
If we assume a random distribution of absorbers, 
each of them with a cross section 𝜎! and a density 
per unit volume 𝑛, then the effect of these 
absorbers on a radiation passing through 𝑑𝐴within 
a solid angle 𝑑Ω is : 

𝑑𝐸 = −𝑑𝐼! 𝑑𝐴 𝑑𝑡 𝑑Ω 𝑑𝜈
or : 𝑑𝐸 = 𝐼! 𝑛 𝑑𝐴 𝑑𝑠 𝜎! 𝑑Ω 𝑑𝑡 𝑑𝜈
Therefore : 

𝑑𝐼! = −𝑛 𝜎! 𝐼! 𝑑𝑠

II- ABSORPTION

We can rewrite the absorption coefficient such as : 
𝛼! = 𝑛 𝜎!

Usually, 𝛼! is defined with the opacity (also known 
as the mass absorption coefficient) such as :

𝛼! = 𝜌 𝜅!



Summary of Monday’s lecture
𝒅𝑬 = 𝑰𝝂𝒅𝑨 𝒅𝒕 𝒅𝝂 𝒅𝛀

𝒅𝑬 = 𝒋𝝂𝒅𝑽 𝒅𝜴 𝒅𝒕 𝒅𝝂

𝒅𝑬 = −𝒏 𝝈𝝂 𝒅𝑨 𝒅𝑺 𝑰𝝂 𝒅𝜴 𝒅𝒕 𝒅𝝂



Summary of Monday’s lecture

The energy passing through a surface element
𝑑𝐴 over a time 𝑑𝑡 is given by

𝒅𝑬 = 𝒅𝑭×𝒅𝑨×𝒅𝒕 = 𝑰𝝂𝒅𝑨 𝒅𝒕 𝒅𝝂 𝒅𝛀

We defined the specific energy density by :
𝒅𝑬 = 𝒖𝝂 𝛀 𝒅𝑽 𝒅𝝂 𝒅𝛀

𝑢# =
𝐼#
𝑐 𝑑𝑉 = 𝑐 𝑑𝑡 𝑑𝐴

We also defined the mean density by :

𝑱𝝂 =
𝟏
𝟒𝝅

∫ 𝑰𝝂𝒅𝛀

Specific intensity

The total radiation density is :

𝒖 = ∫ 𝒖𝝂𝒅𝝂 =
𝟒𝝅
𝒄
∫ 𝑱𝝂𝒅𝝂

DEFINITIONS RADIATIVE TRANSFER

𝑑𝐴

When a beam of light is passing through a surface 𝑑𝐴 light can
be added to the beam (emission by the material) or subtracted
(absorption by the material)

Emission of light (adding energy to the beam) : 
𝑑𝐸 = 𝑗#𝑑𝑉 𝑑Ω 𝑑𝑡 𝑑𝜈

Absorption of light (subtracting energy to the beam) :
𝑑𝐸 = −𝑛 𝜎# 𝑑𝐴 𝑑𝑆 𝐼# 𝑑Ω 𝑑𝑡 𝑑𝜈

Spontaneous emission coefficient

𝛼! Absorption 
coefficient

“-” absorption subtracts 
energy to the beam



z=12.110 ± 0.001



Radiative transfer
We use radiative transfer each time a
radiation is passing through a matter and add
(absorption) or subtract (emission) energy.

The radiative transfer equation shows how the intensity of a beam 
evolves and includes contribution of spontaneous emission and 
absorption.  

We showed that :

- Emission : 𝑑𝐼! = 𝑗! 𝑑𝑠

- Absorption : 𝑑𝐼! = −𝑛 𝜎! 𝐼! 𝑑𝑠
Therefore : 

𝒅𝑰𝝂
𝒅𝒔 = −𝜶𝝂𝑰𝝂 + 𝒋𝝂

III- RADIATIVE TRANSFER EQUATION Exact solutions of the radiative transfer equation : 

• Emission only : #$"
#%
= 𝑗!

è 𝐼! 𝑠 = 𝐼! 𝑠& + ∫%#
% 𝑗! 𝑠' 𝑑𝑠′

• Absorption only : #$"
#%
= −𝛼!𝐼!

è𝐼! 𝑠 = 𝐼! 𝑠& exp[−∫%#
% 𝛼! 𝑠' 𝑑𝑠′]

Outside of these simple cases, the resolution of the 
radiative transfer equation requires numerical analysis



Radiative transfer

The optical depth is a measure of the transparency of a medium, 
and is defined as :  

𝑑𝜏! = 𝛼!𝑑𝑠
or by integrating : 

𝜏! 𝑠 = F
%#

%
𝛼! 𝑠' 𝑑𝑠′

III- OPTICAL DEPTH AND SOURCE FUNCTION

By definition, a medium is said optically thin (or transparent) if a 
photon can traverse it without being absorbed.

• Optically thin : 𝜏! ≤ 1
• Optically thick : 𝜏! ≥ 1

Filters used to observe the Sun are good examples 
of optically thick medium

Absorption 
coefficient



Radiative transfer

The radiative transfer equation can now be rewritten to include 
the optical depth : 

𝑑𝐼!
𝑑𝜏!

= −𝐼! + 𝑆!

where 𝑆! is the source function defined as : 𝑆! =
("
)"

IV- OPTICAL DEPTH AND SOURCE FUNCTION

We can demonstrate that the formal solution of this equation can 
be written as : 

𝐼! 𝜏! = 𝑆! + 𝑒*+"(𝐼! 0 − 𝑆!)

𝑑𝐼#
𝑑𝑆

= 𝑗# − 𝛼#𝐼#

𝑑𝜏# = 𝛼#𝑑𝑠



Radiative transfer

The mean distance a photon can travel through an absorbing 
material without being absorbed is the mean free path. 

If we consider the photon mean free path as it tries to escape from 
an emitting region, and assuming 𝜏! = 1, we have : 

𝜏! = 𝛼!𝑠 = 1

then : 

𝑠 =
1
𝛼!

=
1
𝑛 𝜎!

= 𝑙!

V- MEAN FREE PATH

A photon escaping from a region with an optical depth 𝜏! will 
undergo a random walk with N scatterings : 

𝐿 = 𝑁𝑙! ⇒ 𝑁~
𝐿,

𝑙!,
~ 𝛼!𝐿 , = 𝜏!,



Thermal Radiation
Thermal Radiation is radiation emitted by matter in
thermal equilibrium. The best example is the black body
radiation.

The specific intensity depends only on the temperature of
the radiation, such as :

𝐼# = 𝐵#(𝑇)
where 𝐵# 𝑇 is the Planck function, defined as :

𝐵# 𝑇 =
2ℎ𝜈(/𝑐"

exp ℎ𝜈
𝑘)𝑇

− 1

In the case of thermal radiation, the source function is
defined by :

𝑆# = 𝐵# 𝑇
then 𝑗# = 𝛼#𝐵#(𝑇)

The radiative transfer equation can now be rewritten as :
𝑑𝐼#
𝑑𝑠

= −𝛼#𝐼# + 𝛼#𝐵#(𝑇)

or *+"
*,"

= −𝐼# + 𝐵#(𝑇)

DEFINITIONS

• Blackbody radiation : 𝐼# = 𝐵# 𝑇

• Thermal emission : 𝑆# = 𝐵# 𝑇

Kirchoff’s law

In thermal equilibrium
𝑑𝐼#
𝑑𝜏#

= −𝐼# + 𝐵# 𝑇 = 0

Hence
𝐼# = 𝐵# ≡ 𝑆#



Thermal Radiation
Example of Blackbody radiation :

• Cosmic Microwave Background
• Sun
• Lava

The Wien’s displacement law gives the
wavelength of the peak :

𝜆 =
𝑏
𝑇

where 𝑏 is the Wien’s displacement constant
(𝑏 = 2.898×10-( 𝑚 𝐾-!)



Thermal Radiation

Rigel 
𝑇./01 ∼ 11 000𝐾

Sun 
𝑇./01 ∼ 6 000𝐾

Betelgeuse 
𝑇./01 ∼ 3 000𝐾



Thermal Radiation

Blackbody
enclosure

Considering a blackbody enclosure with a piston,
so that work can be done or subtracted to the
enclosure (the radiation).

The first law of thermodynamics gives :
𝑑𝑈 = 𝑑𝑄 − 𝑃 𝑑𝑉

where P is the pressure, 𝑄 the heat and 𝑈 is the total
energy.

According to the second law of thermodynamics, we have :

𝑑𝑆 =
𝑑𝑄
𝑇

where 𝑆 is the entropy.

In thermodynamics :
• 𝑈 = 𝑢 𝑉 (with 𝑢 the energy density)
• 𝑃 = -

.

From radiative transfer : 𝑢 = ∫𝑢# 𝑑𝜈 =
$%
& ∫ 𝑗#𝑑𝜈

Radiation 
pressure



Thermal Radiation
We can rewrite the first law of thermodynamics such as :

𝑑𝑈 = 𝑇 𝑑𝑆 − 𝑃 𝑑𝑉

Then 𝑑𝑆 = 2
3
*/
*3
𝑑𝑇 + $/

(3
𝑑𝑉

Since 𝑑𝑆 is a perfect differential, we can write :

• 45
43 2

= 2
3
*/
*3

• 45
42 3

= $/
(3

And then :
𝜕"𝑆
𝜕𝑇𝜕𝑉

=
1
𝑇
𝑑𝑢
𝑑𝑇

= −
4𝑢
3𝑇"

+
4
3𝑇

𝑑𝑢
𝑑𝑇

𝑑𝑢
𝑑𝑇

=
4𝑢
𝑇

⟺
𝑑𝑢
𝑢
= 4

𝑑𝑇
𝑇

integrating gives :
log 𝑢 = 4 log 𝑇 + log 𝑎

and therefore :
𝑢 = 𝑎𝑇$

For isotropic emission : 𝐼# = 𝐽# , and in the case of a
blackbody radiation 𝐼# = 𝐵# 𝑇 , therefore :

𝑢 = :𝑢# 𝑑𝜈 =
4𝜋
𝑐
: 𝑗#𝑑𝜈 =

4𝜋
𝑐
:𝐵#(𝑇)𝑑𝜈 =

4𝜋
𝑐
𝐵(𝑇)

with 𝐵 𝑇 = ∫𝐵# 𝑇 𝑑𝜈 = 6&
$%
𝑇$ [tabulated !]

Stefan-Boltzmann law
𝐽! =

1
4𝜋

4 𝐼!𝑑Ω

𝑈 = 𝑢 𝑉



Line emission

E1, g1

𝐸", 𝑔2 = 𝐸! + ℎ𝜈7

ℎ𝜈7

𝑗# = 𝛼#𝐵#(𝑇) Kirchoff’s law

emission absorption

Statistical weight gi: the total number of states 
possible with a given set of quantum numbers

E1, g1

𝐸", 𝑔2

Spontaneous emission

E1, g1

𝐸", 𝑔2

Absorption Stimulated emission

𝐴"!: transition probability per unit time for spontaneous emission

𝐵!"x𝐽 : transition probability per unit time for absorption

EINSTEIN COEFFICIENTS

E1, g1

𝐸", 𝑔2

𝐵"!x𝐽 : transition probability per unit time for stimulated emission

̅𝐽 = ∫7
8 𝐽#Φ#𝑑𝜈 with ∫7

8 Φ#𝑑𝜈 = 1The energy difference between two levels is not 
infinitely sharp, therefore photons with 𝐸 =
ℎ𝜈& +∆𝐸 with ∆𝐸 ≪ℎ𝜈& could also be 
absorbed/emitted.

𝐽! =
1
4𝜋

∫ 𝐼!𝑑Ω

Mean density



Line emission
In thermodynamics equilibrium : 

𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑜𝑛 = 𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛
𝑛!𝐵!" ̅𝐽 = 𝑛"𝐴"! + 𝑛"𝐵"! ̅𝐽

where 𝑛! and 𝑛" are the number density of atoms of 
level 1 and 2 respectively

Solving for ̅𝐽 gives : 
̅𝐽 =

𝐴"!/𝐵"!
𝑛!
𝑛"

𝐵!"
𝐵"!

− 1

In thermodynamics equilibrium : 

𝑛=
𝑛,

=
𝑔= exp(−

𝐸
𝑘>𝑇

)

𝑔, exp(−
𝐸 + ℎ𝜈&
𝑘>𝑇

)
=
𝑔=
𝑔,
exp(

ℎ𝜈&
𝑘>𝑇

)

Therefore : 
̅𝐽 =

𝐴"#/𝐵"#
𝑔#𝐵#"
𝑔"𝐵"#

exp ℎ𝜈$
𝑘%𝑇

− 1

In thermodynamics equilibrium : 𝐽# = 𝐵# ,and 𝐵# is 
varying slowly with 𝑑𝜈 then ̅𝐽 = 𝐵# : 

𝐴"#/𝐵"#
𝑔#𝐵#"
𝑔"𝐵"#

exp ℎ𝜈
𝑘%𝑇

− 1
=

2ℎ𝜈&/𝑐"

exp ℎ𝜈
𝑘%𝑇

− 1

which gives, the following relations between Einstein 
coefficients : 

𝑔!𝐵!" = 𝑔"𝐵"! 𝐴"! =
2ℎ𝜈(

𝑐"
𝐵"!

E1, g1

𝐸", 𝑔2 = 𝐸! + ℎ𝜈7

ℎ𝜈7



Summary of Friday’s lecture
RADIATIVE TRANSFER

The radiative transfer equation can be written as : 
𝑑𝐼#
𝑑𝜏#

= −𝐼# + 𝑆#

𝑑𝜏# = 𝛼#𝑑𝑠
𝑆# =

𝑗#
𝛼#

Optically thin : 𝜏! ≤ 1
Optically thick : 𝜏! ≥ 1

We defined the mean free path as 

𝑠 =
1
𝛼#

=
1
𝑛 𝜎#

= 𝑙#

In thermal radiation, the specific intensity only depends 
on temperature and is given by the Planck function :

𝐵# 𝑇 =
2ℎ𝜈(/𝑐"

exp ℎ𝜈
𝑘)𝑇

− 1

THERMAL RADIATION

LINE EMISSION

We defined 3 Einstein’s coefficient : 
- For spontaneous emission 𝐴"!
- For absorption 𝐵!" ̅𝐽
- For stimulated emission 𝐵"! ̅𝐽



Question : Why the RTE uses 𝐼4 and we computed 𝑑𝐼4 ? 

Summary of Friday’s lecture

𝒅𝑬 = 𝑰𝝂𝒅𝑨 𝒅𝒕 𝒅𝝂 𝒅𝛀 𝒅𝑰𝝂 = 𝒋𝝂 𝒅𝒔

𝒅𝑰𝝂 = −𝜶𝝂 𝑰𝝂 𝒅𝒔

𝒅𝑰𝝂
𝒅𝒔

= −𝜶𝝂𝑰𝝂 + 𝒋𝝂



Line emission
The line profile function describing an emission 
should be identical at the one describing absorption : 

:
7

8
𝜙#9:𝑑𝜈 = :

7

8
𝜙#6;.𝑑𝜈

We remind that the amount of energy emitted is 
given by : 

𝑑𝐸 = 𝑗#𝑑𝑉 𝑑Ω d𝜈 𝑑𝑡

Each atom contributes to an energy ℎ𝜈7 distributed 
over 4𝜋 solid angle, which can be expressed as :

𝑑𝐸 =
ℎ𝜈7
4𝜋

Φ 𝜈 𝑛"𝐴"! 𝑑𝑉 𝑑Ω 𝑑𝜈 𝑑𝑡

We easily get the emission coefficient : 

𝑗# =
ℎ𝜈7
4𝜋

𝑛"𝐴"!𝜙(𝜈)

The total energy absorbed in dt and dV is given by :
ℎ𝜈7
4𝜋

𝑛!𝐵!"𝑑𝑉 𝑑𝑡 :𝑑Ω:
7

8
𝐽#Φ 𝜈 𝑑𝜈

Then, the energy absorbed out of a beam is :

𝑑𝐸 =
ℎ𝜈7
4𝜋

𝑛!𝐵!"𝑑𝑉 𝑑𝑡 𝑑Ω 𝐽#Φ 𝜈 𝑑𝜈

Remember that : 𝑑𝐸 = 𝐼# −𝛼# 𝑑𝐴 𝑑𝑠 𝑑Ω 𝑑𝑡 𝑑𝜈
We easily get the absorption coefficient : 

𝛼# =
ℎ𝜈
4𝜋

𝑛!𝐵!"𝜙 𝜈𝐵!"x𝐽 with ̅𝐽 = ∫7
8 𝐽#Φ#𝑑𝜈



Line emission
Stimulated emission is proportional to the 
intensity, and only affects photons along 
the given beam, similar to absorption. 

Then we can consider stimulated emission 
as negative absorption, such as :

𝛼#.<=: = −
ℎ𝜈
4𝜋

𝑛"𝐵"!𝜙 𝜈

Then the absorption coefficient, corrected 
for stimulated effect is : 

𝛼# =
ℎ𝜈
4𝜋

𝜙 𝜈 (𝑛!𝐵!" − 𝑛"𝐵"!)



Line emission
Collision between particles is also an important 
process producing emission lines. 

Excitation/de-excitation of an atom can be 
expressed as : 𝑛7𝐶"! ; 𝑛7𝐶!" where 𝑛7 is the 
density of colliding particles. 

Usually collisions are dominated by electron-ions 
collisions, then 𝑛7~𝑛9

If the gas is in thermodynamic equilibrium :

𝑛9𝐶"!𝑔" exp
𝐸"
𝑘)𝑇

= 𝑛9𝐶!"𝑔! exp
𝐸!
𝑘)𝑇

then :
𝐶!" =

𝑔"
𝑔!
𝐶"!exp(−[𝐸! − 𝐸"]/𝑘;𝑇)

Excitation by collisions is one of the main process in 
astrophysical gas cooling (energy is dissipated by 
radiation).  

In a thermodynamic equilibrium : 
𝑛! 𝑛7𝐶!" + 𝐵!" ̅𝐽 = 𝑛" 𝑛7𝐶"! + 𝐵"! ̅𝐽 + 𝐴"!

If we assume that induced processes (absorptions) 
are much less important than spontaneous and 
collisions, then : 

𝑛!𝑛7𝐶!" = 𝑛"(𝐴"! + 𝑛7𝐶"!)

or 
𝑛"
𝑛!

=
𝑛7𝐶!"
𝐴"!

1

1 + 𝑛7𝐶"!𝐴"!

de-excitation excitation



Line emission
The line emissivity corresponds to the amount of 
energy emitted by the total number of atoms : 
𝜖 = 𝑛"𝐴"!ℎ𝜈"! = 𝑛7𝑛!𝐶!"ℎ𝜈"!

1

1 + 𝑛7𝐶"!𝐴"!

- At low density : 𝑛7𝐶"! ≪ 𝐴"!
𝜖 ≈ 𝑛7𝑛!𝐶!"ℎ𝜈"!

Every 1-> 2 transitions rise to a downwards 2-> 1 
radiative transition

- At high density : 𝑛7𝐶"! ≫ 𝐴"!
𝜖 ≈ 𝑛!

𝑔"
𝑔!
exp(−

ℎ𝜈"!
𝑘)𝑇

) 𝐴"!ℎ𝜈"!

The emissivity depends on the conditions of the 
exited level; many downwards transitions are caused 
by collisions.

The critical density above which the line is 
predominantly collisionaly de-excited is :

𝑛&?~𝐴,=/𝐶,=

Generally :

𝑛7~𝑛9 ∝ 𝑛6<>:. ∝ 𝑛

Therefore : 
• At 𝑛 ≪ 𝑛&? ∶ 𝜖! ∝ 𝑛,

• At 𝑛 ≫ 𝑛&? ∶ 𝜖! ∝ 𝑛

𝑛"
𝑛#

=
𝑛$𝐶#"
𝐴"#

1

1 + 𝑛$𝐶"#
𝐴"#

𝐶$% =
𝑔%
𝑔$
𝐶%$exp(−[𝐸$ − 𝐸%]/𝑘&𝑇)



Line emission
Definition: In Astrophysics some process timescales are so 
long that they can not be reproduced in laboratory. Some 
emission lines, with an extremely small probability may be 
detected in Space and not in laboratory : forbidden lines

Type of atoms Timescale Nature of line Example

Dipole short permitted 𝐻𝛼 𝜆6563
Quadrupole long forbidden 𝑂𝐼𝐼𝐼 𝜆5007
Intercombination intermediate Semi-forbidden 𝐶𝐼𝐼𝐼]𝜆1909

Da Cunha et al. 2008

M82
d=12 million light-years

𝐻𝛼

Stark et al. 2017EGS-zs8-1
z=7.733



Line emission
THE HYDROGEN ATOM

The electronic energy states are determined by :
1

𝜆DE?F→H = 𝑅
1
𝑛,
−

1
𝑚,

with 𝑅 the Rydberg constant (𝑅 = 1.09×10I𝑚*=)

Young stars are UV emitters and emit radiation at
wavelength shorter than the Lyman edge (𝜆 =
91.1753 𝑛𝑚)è the hydrogen around young stars is
ionized.

In the ionised gas, electrons recombine in 𝐻Jfrom
upper levels, and then decay to the fundamental by
multiple transitions (and therefore multiple line
emissions)

The recombination rate is given by :
𝛽K→( = 𝛼K→( 𝑇 𝑛L𝑛M

where 𝛼K→((𝑇) is the effective recombination
coefficient

The emissivity of a recombination line is given by :
𝜖K→( = ℎ𝜈K→(𝛼K→(𝑛L𝑛M



Line emission
CASE OF BROAD LINE REGIONS

A broad line region is a very compact region (<1kpc) 
surrounding an accreting supermassive black holes.

In this region, clouds are photo-ionised by strong UV 
radiations emitted by the accreting black holes. 

The mean density of these clouds is ~10==𝑐𝑚*=

Remember that at n ≪ 𝑛&? ∶ 𝜖! ∝ 𝑛,

Consequently, the permitted and recombination lines are 
much brighter than forbidden lines but also much brighter 
than any other lines coming from the host galaxy.

Centauru
s A



Heating and Cooling
As we will see later in this course, processes of 
cooling and heating astrophysics gas are of central 
importance in the topic of structures formation. 

The net heating rate (𝑄) is given by :
𝑄 𝑛, 𝑇 = Τ 𝑛, 𝑇 − Λ(𝑛, 𝑇)

Total heating rate Total cooling rate

The equilibrium temperature is the temperature at 
which cooling rate equal heating rate. 

To test the stability of this equilibrium, we can slightly 
change the temperature from equilibrium temperature : 

∆𝑇 = 𝑇 − 𝑇?

Then the enthalpy of the gas is : 
𝑑∆𝐻
𝑑𝑡

= 𝑄 𝑇 ≈ 𝑄|3' + ∆𝑇
𝜕𝑄
𝜕𝑇 𝑃|𝑇%

But 𝑄|3' = 0 (by definition), then :
𝑑∆𝐻
𝑑𝑡

≈ ∆𝑇
𝜕𝑄
𝜕𝑇 𝑃|𝑇%

The cooling time is defined as : 

𝜏& =
𝑈
Λ

where U is the thermal energy of the gas



Heating and Cooling
The cooling function Λ(𝑛, 𝑇) provides a description 
of the way the gas will cool considering all cooling 
processes, and is then defined as : 

Λ 𝑇 = �
=

Λ=

The main cooling processes are : 

• Cooling by lines emission

• Cooling by free-free emission in ionized gas 

• Cooling by dust 

• Cooling by recombination 
Net cooling rate



Heating and Cooling
COOLING BY LINE EMISSION

Remember that at high-density : 

𝜖 ≈ 𝑛!
𝑔"
𝑔!
exp(−

ℎ𝜈"!
𝑘)𝑇

) 𝐴"!ℎ𝜈"!

and at low-density :
𝜖 ≈ 𝑛7𝑛!𝐶!"ℎ𝜈"!

We also demonstrated that (relation between 
upwards and downwards transition): 

𝐶!" =
𝑔"
𝑔!
𝐶"!exp(−[𝐸! − 𝐸"]/𝑘)𝑇)

To be an effective cooling process (i.e, to get  a high 
value of 𝐶!") ∶ Δ𝐸 ~𝑘)𝑇

For hydrogen, typical Δ𝐸 < 10 𝑒𝑉, which means a 
temperature of T ~ 10$𝐾

Net cooling rate

Cooling by Hydrogen 
emission lines



Heating and Cooling
COOLING BY LINE EMISSION

At lower temperature, several other atoms can be 
used to cool the gas : 

• C+ (2P1/2 à 2P3/2) : A?
B
=92 K

• Si+ (2P1/2 à 2P3/2) : A?
B
= 413 K

• O (3P2 à 2P1) : A?
B
= 228 K

• O (3P2 à 3P0) : A?
B
= 326 K

Focussing on C+, collisional excitation can occur via 
collisions with electrons or hydrogen atoms. For 
collisions with electron, the cooling rate is given by :

ΛCD = 𝑛9𝑛&D8×10-((𝑇-!/" exp(−
92
𝑇
) 𝐽𝑚-(𝑠-!

Net cooling rate

Cooling by Hydrogen 
emission lines



Heating and Cooling
COOLING BY FREE-FREE EMISSION

In hot (T>>105K) fully ionised gas, radiation is 
produced via Bremsstrahlung

The Bremsstrahlung emissivity is given by :

𝜖#
11 =

𝜇7𝑍"𝑒F

3𝜋"𝑐𝜖7"𝑚" (
𝜋𝑚
6𝑘)

)
!
"𝑔11𝑛9𝑛=𝑇

-!"𝑒-G#/B(3

𝜖#
11 = 𝑎!𝑔11𝑛9𝑛=𝑍"𝑇-!/"𝑒-G#/B(3

where 𝑔11 is the Gaunt factor and is tabulated. 

Bremsstrahlung radiation is produced when a 
charged particle is decelerated when deflected by 
another charged particle. The moving particle loses 
kinetic energy, which is converted into radiation. 



Heating and Cooling
COOLING BY FREE-FREE EMISSION

We can determine the absorption coefficient linked to 
the emission coefficient for free-free emission. We 
remember that : 

𝑗# =
𝜖#
4𝜋

𝑗# = 𝛼#𝐵#(𝑇)

And 𝐵# 𝑇 = "G#)/&*

HIJ +"
,(-

-!

Then 𝛼#
11 = K"

..

$%)" 3

or 

𝛼#
11 =

𝜇7𝑍"𝑒F𝑐
24𝜋(𝜖7"𝑚"ℎ

(
𝜋𝑚
3𝑘)

)
!
"𝑔11𝑛9𝑛=𝜈(𝑇

-!"(1 − 𝑒-
G#
B(3)

In the Rayleigh-Jeans limit (low energy) : ℎ𝜈 ≪ 𝑘;𝑇, 
therefore : 

1 − 𝑒-
G#
B(3 ≈

ℎ𝜈
𝑘)𝑇

Then the absorption coefficient can be simplified as :
𝛼#
11 = 𝑎"𝑔11𝑛9𝑛=𝑍"𝜈-"𝑇-(/"

𝜖!
// =

𝜇0𝑍%𝑒1

3𝜋%𝑐𝜖0%𝑚% (
𝜋𝑚
6𝑘2

)
$
%𝑔//𝑛3𝑛4𝑇

5$%𝑒56!/8&9



Heating and Cooling
COOLING BY FREE-FREE EMISSION

Considering a cloud of fully ionised hydrogen at a 
temperature T, and assuming that we are in a Rayleigh-
Jeans limit (i.e. ℎ𝜈 ≪ 𝑘)𝑇). 

The coefficient absorption is given by : 
𝛼#
11 = 𝑎"𝑔11𝑛9𝑛=𝜈-"𝑇-(/"

Remember that the optical depth is given by :
𝜏# = 𝛼#𝑠

Then if L is the distance through the region, then : 
𝜏#
11 = 𝑎"𝑔11𝑛9𝑛=𝜈-"𝑇-(/"𝐿

And in the case of an hydrogen cloud, then ni=ne :
𝜏#
11 = 𝑎"𝑔11𝑛9"𝜈-"𝑇-(/"𝐿

Numerical calculations show that : 
𝑔11 ∝ 𝑇7.!M𝜈-7.!

We have demonstrated earlier than :
𝐼# = 𝐵# 𝑇 1 − 𝑒-,"

Which could be simplify in the two limits :

• Optically thin : 𝜏# ≪ 1 𝐼# = 𝜏#𝐵#
• Optically thick : 𝜏# ≫ 1 𝐼# = 𝐵#

Therefore : 

• Optically thin : 𝜏# ≪ 1 𝐼# ∝ 𝜈-7.!

• Optically thick : 𝜏# ≫ 1 𝐼# ∝ 𝜈"

Example of Hydrogen atom



Heating and Cooling
COOLING BY FREE-FREE EMISSION

Example of Hydrogen atom

The cooling rate is found by integrating the quantity : 

Λ11 = :
##

#:;<
𝜖11# 𝑑𝜈

Therefore :
Λ11 ∝ 𝑛9𝑛=𝑍"𝑇9

-!/"

Given that *N
*3
> 0, if the heating is constant, this 

results into a stable cooling process. 

Optically thin : 𝜏# ≪ 1 𝐼# ∝ 𝜈-7.!
Optically thick : 𝜏# ≫ 1 𝐼# ∝ 𝜈"



Heating and Cooling
COOLING OF MOLECULAR GAS

In the cool molecular phase of the ISM, the
excitation conditions for rotational transitions of
molecules are matched to the typical temperature of
molecular clouds.

From your Quantum mechanics course, you know
that :

𝐸O
0>< = 𝐽 𝐽 + 1

ℏ"

2𝐼
= 𝐽 𝐽 + 1 𝐵

The Einstein A coefficient for a rotational transition
can be written as :

𝐴P: =
8𝜋"

3 ℏ𝑐"
𝑍7𝜈( < 𝑛 �𝑑|𝑚 >"

The molecule must have a permanent dipole (to
justify the rotational transition) �𝑑 = 𝜇 , then for
J+1àJ transition, we can quote the result of QM :

𝐴QD!,O =
8𝜋"

3ℏ𝑐"
𝑍7𝜈(𝜇"

𝐽 + 1
2𝐽 + 1

The energy spacing between the level is :
ℎ𝜈QD!,Q = 2𝐵(𝐽 + 1)

H2 is the most abundant molecule in the Universe,
but it has no permanent dipole, hence it cannot have
transition Δ𝐽 = ±1, it can only undergo quadrupole
transition Δ𝐽 = ±2, which corresponds to excitation
temperature T>500K (𝜆 → mid-IR)



Heating and Cooling
COOLING OF MOLECULAR GAS

However, molecules with dipole transitions exist in
the Universe :

Molecules Transition Frequency
12CO 𝐽 = 1 → 0 115.27 GHz
12CO 𝐽 = 2 → 1 230.54 GHz

CS 𝐽 = 1 → 0 48.99 GHz

NCN 𝐽 = 1 → 0 86.63 GHz

All these transitions are excellent coolant of the cold
molecular phase of the ISM

Riechers et al. 2020



Heating and Cooling
COOLING BY DUST

Dust is an important component of the ISM. It
accounts for

- 50% of the heavy elements

- 1% of the baryonic mass of a galaxy

- 40% of the luminosity of a galaxy

Dust grains are produced by stars at the end of their
life (e.g., after SNe). Their size is ranging from 1nm to
1𝜇𝑚 with a mean size of about 0.1 𝜇𝑚. This explains
why dust grain absorb mainly at optical wavelength.

The smallest dust grains are just large molecules
such as PAHs, the larger are amorphous grain of
silicates and carbon, but with an icy surface layer



Heating and Cooling
COOLING BY DUST

The main consequences of dust in the ISM are :

- Absorption at optical wavelength (extinction)

- Radiates thermally in the mid- and far-infrared

- Acts as catalysts for chemical reaction in the ISM and the formation
of large molecule

- Can also scatter photons elastically

Consider a dust grain of radius 𝑎 and assume that dust scattering does
not contribute to dust heating, then only absorption is considered. The
absorption coefficient of a spherical grain is then given by :

𝛼9S< 𝜈 = 𝑛T𝜎9S< 𝜈, 𝑎 = 𝑛T𝑄9S< 𝜈, 𝑎 𝜎6 = 𝑛T𝑄9S< 𝜈, 𝑎 𝜋𝑎"

where 𝑄9S< 𝜈, 𝑎 is the efficiency of extinction

The extinction coefficient can be expressed as :
𝑄9S< = 𝑄6;. + 𝑄.&6

The power absorbed by a single grain from an
incident radiation field 𝐹# is given by :

𝑃6;. = :
7

D8
𝐹#𝜎6𝑄6;. 𝜈, 𝑎 𝑑𝜈

At equilibrium, the emissivity is given by :
𝜖 = 4𝜋𝑗# = 4𝜋𝛼#𝐵#(𝑇T)

Hence, for a single grain the power radiated is :

𝑃06* = 4𝜋:
7

D8
𝜎6𝑄6;. 𝜈, 𝑎 𝐵# 𝑇T 𝑑𝜈

And in equilibrium : 𝑃6;. = 𝑃06*



Heating and Cooling
COOLING BY DUST

For typical dust : 𝑇T
9U ∝ 𝐹V2

!/M

Since 𝐹 = W
$%X*

, then :
𝑇T
9U 𝐾 ≈ 40𝐿(Y

!/M𝑅Z&
-"/M

Typically, dust heated by UV emission
reaches temperature of 100K in star-
forming regions.

If there is a significant amount of dust,
then the ISM is optically thick and leads in
efficient cooling.



Heating and Cooling
RADIATIVE HEATING AND COOLING BY RECOMBINATION

Photons with energies greater than the ionisation potential
of a species lead to the ejection of an electron with energy
ℎ𝜈 − 𝐼=
This electron can then heat the gas via collision processes.

Some of the electron kinetic energy will lead to excitation of
electronic levels, and subsequently re-radiation and hence no
heating of the gas.

Considering a cloud of pure hydrogen.

The ionisation rate is given by :
𝑛[𝑆∗𝜎=

Ionising photons flux
Ionisation cross-section

In equilibrium, ionisation rate must equal the
recombination rate :

𝑛[𝑆∗𝜎= = 𝑛9"𝛼)
where 𝛼) is the net recombination coefficient and 𝑛9 = 𝑛=
The heating rate is given approximately by :

Τ = 𝑛[𝑆∗𝜎=(ℎ�̅� − 𝐼[)

where 𝐼[ is the ionisation energy of hydrogen and
ℎ�̅� − 𝐼[ is the mean energy of ejected electrons.

The mean kinetic energy per electron is (
"
𝑘)𝑇? , and is lost

on recombination, hence the cooling rate is :

Λ = 𝑛9"𝛼)
3
2
𝑘)𝑇?



Heating and Cooling
RADIATIVE HEATING AND COOLING BY RECOMBINATION

Equating heating and cooling rate gives :

𝑛[𝑆∗𝜎= ℎ�̅� − 𝐼[ = 𝑛9"𝛼)
3
2
𝑘)𝑇9

therefore :

𝑇9 =
2
3
ℎ�̅� − 𝐼[
𝑘)

If the ionising flux is coming from a central star, then the
emission can be approximated by a thermal emitter of
temperature 𝑇∗ , and a reasonable approximation is that
ℎ�̅� − 𝐼[~𝑘)𝑇∗.
Then :

𝑇9~
2
3
𝑇∗

Typically 𝑇∗~3×10$ − 6×10$𝐾 giving 𝑇9~4×10$ − 8×10$K

- In a ionised gas : heat via collisions

- In a neutral gas : heat via inelastic collisions (hydrogen
emission lines escaping the cloud and not contributing to
the heating of the gas)

Similar arguments can also apply to the heating by X-Rays
and Cosmic Rays which ionise principally hydrogen, and the
emission of photo-electrons from dust particles.

MECHANICAL HEATING 

Main processes :

Heating in shocks

Heating in viscous accretion discs

In a strong shock all of the kinetic energy is converted into
internal energy.



The multi-phase ISM

- 3 stable points in pressure (*3
*P
= 0), but only 2

“real” stable points
Then we conclude that clouds of hydrogen are
composed of warm and cold phases (multi-phase
medium).



The multi-phase ISM

Properties of Giant Molecular Clouds :

- Typical masses : 𝑀~10M𝑀⨀

- Radius : 𝑅~50pc

- Gravitational Energy E^~
_`*

0

- Thermal Energy 𝐸B~
(
"

`
:=

𝑘)𝑇

Therefore :
𝐸T
𝐸B
~
𝐺𝑀𝑚[

𝑟𝑘)𝑇
≈ 100

è The gravitational potential energy is much higher than
the thermal energy meaning that such clouds are self-
gravitating.

CAN WE EXPLAIN MOLECULAR CLOUDS IN THIS WAY ? For the hot ionised phase, it is useful to calculate the
cooling time :

𝜏& =
𝐸B
Λ

Cooling at ~5×10MK is dominated by line emission from
collisionnaly-excited ions and :

Λ ≈ 1.6×10-(M𝑛9𝑛=
3
!7>

-7.F
W m-3

Then the cooling time for the gas with 𝑛9~3×10(m-3 :

𝜏& =
)
*P?B(3

N
~4×10F 3

M×!7@
!.F P?

(×!7)
-!

yr

The gas does not need a constant heating source, but still 
cools quickly on timescale (1 million years) much shorter 
than those over which a galaxy evolves (~billion years). 

The gas can cool rapidly especially in denser regions, and 
then condense to one of the denser phases.



The multi-phase ISM

Phase ntot (106 m-3) T(K) M/109 Mo f

Molecular >300 10 4.0 0.01

Cold neutral 50 80 3.0 0.04

Warm neutral 0.5 ~5000 2.0 0.3

Warm ionised 0.3 10 000 ~0.2 0.15

Hot ionised 3x103 3x105 <0.02 0.5



Summary of Monday’s lecture

We defined the cooling function Λ(𝑛, 𝑇) as : 

Λ 𝑇 = �
=

Λ=

where Λ= is the cooling function for individual process

COOLING AND HEATING

By line 
emission

Hydrogen is efficient 
only at 𝑇 > 10$𝐾, at 
lower temperature C 
and O are more 
efficient. 

By fre
e-fre

e 

emissi
on

For hot and fully ionised H-
gas (> 10M 𝐾), if the 

heating is constant, the 
cooling is a stable process. 

M
ol

ec
ul

ar
 

ga
s

Cooling of molecular gas is due to rotational 
transitions, which are more efficient for molecules 
with a permanent dipole. Then H2 is not the main 

responsible for molecular gas cooling. Other 
molecules  with permanent dipole (e.g., CO)

Dust grains absorb UV light and 
re-radiate in FIR. If the dust 

content is high, then cooling by 
dust is very efficient

By dust

By 
recombination

In ionised gas, the 
energy of free 
electrons will heat 
the gas by collisions. 
In a neutral gas, we 
have inelastic 
collisions leading to 
photons emission 
(and no heating)



Summary of Monday’s lecture

𝑃 =
𝜌𝑘(𝑇
𝜇

𝑃$

For an external pressure P0, we have 3 stable 
points. But the middle point is unstable (if the 
gas is slightly compressed, the pressure drops 

and the gas compresses further) 

Two stable points : A and C. 
This confirms the multi-phase nature of the ISM.  


